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ABSTRACT

A half-bridge LLC resonant converter with Zero Voltage
Switching (ZVS) and Pulse Frequency Modulation
(PFM) is a lucrative topology for DC/DC conversion. A
Digital Signal Controller (DSC) provides component
cost reduction, flexible design, and the ability to monitor
and process the system conditions to achieve greater
stability. The dynamics of the LLC resonant converter
are investigated using the small signal modeling tech-
nique based on Extended Describing Functions (EDF)
methodology. Also, a comprehensive description of the
design for the compensator for control of the LLC
converter is presented.

INTRODUCTION

The LLC resonant converter topology, illustrated in
Figure 1, allows ZVS for half-bridge MOSFETSs, thereby
considerably lowering the switching losses and improv-
ing the converter efficiency. The control system design
of resonant converters is different from the conven-
tional fixed frequency Pulse-Width Modulation (PWM)
converters. In order to design a suitable digital
compensator, the large signal and small signal models
of the LLC resonant converter are derived using the
EDF technique.

FIGURE 1: LLC RESONANT CONVERTER SCHEMATIC
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Conventional methods, such as State-Space Averaging
(SSA), have been successfully applied to PWM switch-
ing converters. In PWM switching converters, the
switch network is replaced by an average circuit model
and only low-frequency (DC) components are consid-
ered while ignoring switching harmonics. In general,
the large and small signal modeling of PWM switching
converters is done by considering the output LC filter.
Typically, the natural frequency (fo) of the output LC
filter is much lower than the switching frequency (f;).

In frequency controlled resonant converters, switching
frequency is close to the natural frequency of the LC
resonant tank. The inductor current and capacitor volt-
age of the LC resonant tank, magnetizing current and
primary voltage of the transformer, contain switching
frequency harmonics which must be considered to
obtain an accurate model. Therefore, modeling is done
by considering magnetizing inductance (L,,), leakage
inductance (L,) and resonant capacitance (C;). The L,
L,, and C constitute the primary resonant components.

The small signal modeling approach, based on the
EDF method, is generally applied to model LLC reso-
nant converters as this method considers all switching
frequency harmonics for accuracy. Using the EDF, it is
easy to obtain the commonly used transfer functions,
such as control-to-output transfer function (G,,,) and
line-to-output transfer function (G,,).

SMALL SIGNAL MODELING OF LLC
RESONANT CONVERTER

Resonant DC/DC converters are nonlinear systems
and a dynamic model is helpful to determine the linear-
ized small signal model, and thereby, the system
transfer functions for the Pulse Frequency Modulated
DC/DC converters.

The following seven-step process describes how to
obtain the plant transfer functions for the PFM DC/DC
converters.

1. Time Variant Nonlinear State Equations

State equations are obtained by writing the circuit
equations using Kirchhoff's Laws for each state
variable.

2. Harmonic Approximation

Quasi-sinusoidal current and voltage waveforms
of the LLC resonant tank are resonant current
(i(®)), magnetizing current (i,;,(2) and voltage
across resonant capacitor (v4?). These
parameters are approximated to their fundamental
components. The current and voltage of the output
filter are approximated to their DC components.

Extended Describing Function (EDF)

A linear, stationary system responds to a sinusoid
with another sinusoid of the same frequency, but
with  modified amplitude and phase. The
describing function method is used to represent a
nonlinear function in a linear manner by
considering only the fundamental component of
the response of the nonlinear system.

In this application note, higher order harmonics
are ignored as they are considered to be
negligible. This principle of describing functions is
extended to model resonant converters and it is
labelled as EDF.

Using the EDF method, the discontinuous terms in
the nonlinear state equations are approximated to
their fundamental or DC components.

Harmonic Balance

The quasi-sinusoidal terms and the nonlinear
discontinuous terms obtained from the harmonic
approximation and EDF are substituted in the
state equations. The coefficients of DC, sine and
cosine components are then separated to obtain
the modulation equations (an approximate large
signal model).

Obtaining the Steady-State Operating Point

A large signal model from the harmonic balance is
used to obtain the steady-state operating point by
setting the derivative terms of harmonic balance
equations to zero. This is because the state
variables do not change with time in steady state.

Perturbation and Linearization of Harmonic
Balance Equations

The large signal model obtained from the
harmonic balance has nonlinear terms arising
from the product of two or more time varying
quantities. The linearized model is obtained by
perturbing the large signal model equations about
a chosen operating point, and by eliminating the
higher order (nonlinear) terms.

State-Space Model

The state-space model of a continuous time
dynamic system can be obtained from the
perturbed and linearized model of the harmonic
balance equations, described in Step 6, to derive
the control-to-output transfer function.
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Derivation of Nonlinear State Equations

A quasi-square wave voltage (v, ), generated from the
active half-bridge network, is applied to the resonant
tank of the LLC resonant converter, as illustrated in
Figure 2.

FIGURE 2: EQUIVALENT CIRCUIT OF LLC RESONANT CONVERTER
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The state equations are obtained in Continuous Tank EQUATION 3: TRANSFORMER PRIMARY
Current mode by using Kirchhoff's Circuit Laws (KCL), VOLTAGE
as shown in Equation 1 through Equation 4. di
VIC- = Lmd_m
EQUATION 1: RESONANT TANK VOLTAGE ! !
di;
Vap = LS(Z) Tt ve, SgnGp)v, EQUATION 4:  TRANSFORMER
SECONDARY CURRENT
Where:
dv
Y= {1 if v < 0 AP
sgnly) = (LY gl = (14 &), 2w,
+1, if vy 20}

In this application, the LLC resonant converter output
voltage is regulated by modulating the switching
frequency (os).

RESONANT TANK
CURRENT

dv,,
S dt

EQUATION 2:

c

The output voltage (v,) is shown in Equation 5.

EQUATION 5: OUTPUT VOLTAGE

,
- . _c
v, = rcxabs(zsp)+(r) Ve,

c )
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Applying Harmonic Approximation

The Fourier series decomposes periodic functions or
periodic signals into a sum of (possibly infinite) simple
oscillating functions (sines and cosines, or complex
exponentials). Expressing the function (f{x)) as an infi-
nite series of sine and cosine functions is shown in
Equation 6.

EQUATION 6: GENERAL FOURIER EXPANSION

)

n=1

harmonic terms is:

fx) = agt Y (a,sinnx+b, cosnx)

= (ag*aySinx+a,sin2x £ agsin3x+b, COSx+b,C0S2x+b;3C0S3x)

Expressing f{x) by considering only the fundamental components and ignoring the DC component, and other

flx) = alsinx + b, cosx

The primary side resonant tank parameters, i.(?), v.(t)
and i,,(1), provided in Equation 7, are approximated to
their fundamental harmonics, and the output filter volt-
age (v.) is approximated to the DC component. The
derivatives of i), v.() and i, are shown in
Equation 7.

EQUATION 7:  FUNDAMENTAL
APPROXIMATION OF
PRIMARY TANK
PARAMETERS

ir(t) = is(t)sina)st—ic(t)cosa)st
vCr(t) = vs(t)sina)st—vc(t)coso)st
i,() =i (nsnogz—i (1)cosot

dzr di. dic

— = (—* + i ) sincosz—(— —co\,ig) coS ¢

dt dt te dt o ’

dv dv dvc

— = (—S +av )sina),t—(——o),v)cosu),t
dt dt 2 y . *° s

_m
dt

ms . .
o + (oszmc)smwst—

di di dimc
( (— -1 )COS(D t
dt sms §

Where:
@, = switching frequency in radians/second

The parameters, sine component of resonant
current (i,), cosine component of resonant current (i,),
sine component of resonant capacitor voltage (v,),
cosine component of resonant capacitor voltage (v,),
sine component of magnetizing current (i,,,) and cosine
component of magnetizing current (i,,.) are slow time
varying components. Therefore, the dynamic behavior
of these parameters can be analyzed.

Figure 3 and Figure 4 illustrate the simulation wave-
forms of the LLC resonant converter operating below
the resonant frequency and continuous tank current
mode.

DS01477A-page 4

© 2012 Microchip Technology Inc.



AN1477

FIGURE 3:

SIMULATION WAVEFORMS OF LLC RESONANT CONVERTER
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FIGURE 4:

SIMULATION WAVEFORMS OF LLC RESONANT CONVERTER
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Applying Extended Describing
Function (EDF)

Extended Describing Function is a powerful mathemat-
ical approach for understanding, analyzing, improving
and designing the behavior of nonlinear systems.
Every system is nonlinear, except in limited operating
regions.

The nonlinear terms provided in Equation 1 through
Equation 5, sgn(ip) * vc}- and abs(isz) can be approxi-
mated to their fundamental harmonic terms and DC
terms.

The functions,ﬁ(d, Vin)le(iSSJ ispJV’Cf)IfS(iscr ispr VYCf) and
J4(isg ig.), are called EDFs. Where, i i are the sine and
cosine components of the transformer secondary cur-
rent, and iy, is the resultant current flowing in secondary.
f1,./5, /3 and f; are functions of the harmonic coefficients
of state variables at chosen operating conditions. The
EDF terms can be calculated by using the Fourier
expansion of nonlinear terms. The EDF approximation

to nonlinear states is shown in Equation 8.

EQUATION 8: EDF APPROXIMATION

vp(t) = fl(d, vin)sin(nst

Sgn(isp) v'cf= fZ(l'ss’ isp’ VS,) Smmst _f3(l'sc’ isp’ vcf) Cosms[

isp = f4(iss’ isc)

Figure 5 illustrates a typical switching waveform of a
half-bridge inverter which is the input to the LLC
resonant tank (6 = Dead Time, d = Duty Cycle).

FIGURE 5: OUTPUT SWITCHING
WAVEFORM OF
HALF-BRIDGE INVERTER
Vin
|
6 drn 6 |
I
|
0 P >t 2n

The fundamental output voltage of a half-bridge
inverter is shown in Equation 9.

EQUATION 9:  OUTPUT VOLTAGE OF
HALF-BRIDGE INVERTER

(n—9)
fy(d,vy,) = %c j v, X Sn(ot)dot
)
0)

2vin (Tt —
f1(dvy,) = === cos(on)|g

2v.
Sl vy,) = 2—:1[cose—cos(n—e)]
2v. 2v.
= S, n_dn
f1dvy,) = —=cosh = — ><cos(2 2)

o
fi(dv,,) = %sn(zd) = v,

Where:
dm
0 = E__
2 2

ves = Sine component of the output voltage
of half-bridge inverter

The switching waveform has an odd symmetry. There-
fore, there is no cosine component (v,. = 0, where v,
is the cosine component of the output voltage of the
half-bridge inverter) in the switching waveform and the
sine component (v,) forms the fundamental
component of v, ..

© 2012 Microchip Technology Inc.
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The EDF approximation to the nonlinear transformer
primary voltage is shown in Equation 10.

EQUATION 10: EDF APPROXIMATION TO
TRANSFORMER PRIMARY
VOLTAGE

i i
-fZ(iss’ isp’ Ve ) =4 SV = 2 £ Ve
f T ZSP f n lpp f

_dnlps _
i Ve Vps
pp
oy _ale . alpe
/3 e fop Ve _T—‘Z;V‘f_’—”ppv‘f
:@ﬂvzv -y
Loy =
nzpp f p
2 2

Where:
Vs Vpe = sine, cosine components of the
transformer primary voltage
= sine, cosine components of the
transformer primary current
Ipp = resultant transformer primary current

Ips: Ipe

iy, ig. = sine, cosine components of the
transformer secondary current

ig, = resultant current flowing in secondary

n = np/ns = transformer turns ratio

Harmonic Balance

Harmonic balance is a frequency domain method used
to calculate the steady-state response of nonlinear
differential equations. The term, “harmonic balance”, is
descriptive of the method, which uses the Kirchhoff's
Current Laws (KCL) written in the frequency domain
and a chosen number of harmonics. Effectively, the
method assumes that the solution can be represented
by a linear combination of sinusoids, and then balances
current and voltage sinusoids to satisfy the Kirchhoff's
Laws. The harmonic balance method is commonly
used to simulate circuits which include nonlinear
elements.

Substituting Equation9 and Equation 10 into
Equation 1 through Equation 5, and separating the DC,
sine and cosine terms, Equation 11 through
Equation 13 are obtained.

EQUATION 11: SINE AND COSINE
COMPONENTS OF TANK

VOLTAGE
—Ldis+ ')+ | +v +
Voo = S-d-t- O ) +ri v, vps
di J
= LS(—S+wle)+ri3+v +4n‘£§vC
t 1 f
pp
dic
% :L(——mz)+rl +v +v
ec s t s°s pc
di i
- (8] oo
t 1 f
pp -

EQUATION 12: SINE AND COSINE
COMPONENTS OF TANK
CURRENT

. dvs
i, = CS(E— + u)svc)

EQUATION 13: SINE AND COSINE
COMPONENT OF
TRANSFORMER PRIMARY

VOLTAGE
di i
o

di i
mc . _ 4n'pc _
Lm( o —(Dslms) = ?;&vc = vpc
p

Only the DC term is considered for the output capacitor
voltage, as shown in Equation 14.

EQUATION 14: OUTPUT FILTER
CAPACITOR VOLTAGE
r dl"f 1 2
c 1 _ 2.
(1 * E) Crar t R'r ™ m'sp

The output voltage equation is shown in Equation 15.

EQUATION 15: OUTPUT VOLTAGE

_ 2, . "e
O P
T o

DS01477A-page 8
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Equation 11 through Equation 15 are the nonlinear
large signal model of the LLC resonant converter
power stage and are illustrated in Figure 6. It is impor-
tant to note that the input of Equation 12 through

FIGURE 6:

Equation 15, {v,, @, d}, is slow varying quantities with
respect to the switching frequency. Therefore, the
modulation equations can be easily perturbed and
linearized at chosen operating points.

LARGE SIGNAL MODEL OF LLC RESONANT CONVERTER
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Deriving Steady-State Operating Point

Under steady-state conditions, the state variables of
the modulation equations, Equation 12 through
Equation 14, do not change with time. For a chosen
operating point, the time derivatives in Equation 12
through Equation 14 are set to zero and the steady-
state values are obtained (shown in upper case letters).
The transformer currents on the primary and secondary
sides are shown in Equation 16.

EQUATION 16: TRANSFORMER CURRENTS

Primary Current:
.o 2+. 2
ZPP - lpS lpc

Secondary Current:

S A S A -
lsp = Al lge =1 lps lPL’ = nlpp

Where:
n = np/ns = transformer turns ratio

The output filter capacitor voltage can be calculated by
substituting Equation 16 into Equation 14, as shown in
Equation 17.

EQUATION 17: FILTER CAPACITOR
VOLTAGE

Ve 2 2
_f- -
R T PP b

sp
=y, =2 R
f ™ PP

= —7 R
= Ve an'pple

- =T
V"f‘ nVCf - 4IPPR€
R, = —8—2n2R = equivalent load resistance referred
to primary side
Where:
V'Cf = reflected voltage of secondary on the
primary

The steady-state analysis for the tank current, resonant
capacitor voltage and magnetizing current are provided
in Equation 18 through Equation 22.

© 2012 Microchip Technology Inc.

DS01477A-page 9



AN1477

Substituting the value of Equation 17 into the sine

component of tank voltage, the result obtained is
shown in Equation 18.

EQUATION 18: SINE COMPONENT OF
TANK VOLTAGE

p
Ves_L(—”’“)*'” + v, +—L

dt Tiy,
:>LQ1+r1+V+4J’—“1 R = =2y
Tclp 4 °pp e es n in

= rd +LQI VAR, = 5 Vi,
= (rg*R)+LQ T +V =R, = 2y
Where:

I =1-1
Ps s ms

Substituting the value of Equation 17 into the cosine
component of the tank voltage, the result obtained is
shown in Equation 19.

EQUATION 19: COSINE COMPONENT OF
TANK VOLTAGE

di i
Ve =L,(d—tc—0),i,)+ri +VC+:—:Z, Cv'c
o S
= —LQJ +r] +V, +4L“1 R,=V,=0
nl, 4ppte

= —LQJ +rl +V +I R =0
c c ‘pce
= -LQJ +(r+R)I +V ~I R, =0
Where:

I =1-1
pc c ‘mc

The steady-state values of sine and cosine compo-
nents of the tank current can be obtained by equating

dvy/dt and dv./dt to zero. The result is shown in
Equation 20.

EQUATION 20: SINE AND COSINE

COMPONENTS OF TANK
CURRENT

de .
CS(E + (L)SVC) = I
= 1,-C,QV =0

dv, )
Cs<—dt—c_0‘)svs) =1

L+CQV, =0

Substituting the value of Equation 17 into the sine

component of magnetizing current, the result is shown
in Equation 21.

EQUATION 21: SINE COMPONENT OF
MAGNETIZING CURRENT

di 4n igs
L <_”_1£+a)i ]z—x Xy
m s mc ; c,
dt T ’pp f
= L QI —-RI =0
m~"s"mc e ps

= RI-L QI —RI =0
e's “m s me e'ms

Substituting the value of Equation 17 into the cosine

component of magnetizing current, the result is shown
in Equation 22.

EQUATION 22: COSINE COMPONENT OF
MAGNETIZING CURRENT

di i
Lm( ;Zc_msims) = %;ﬁvcf
pp
=(-L Qvlmv) Relpc_ 0

=L, QI +RJI -RI =0

Equation 19 through Equation 22 are arranged, as
shown in Equation 23.

EQUATION 23: ARRANGEMENT OF
STEADY-STATE
EQUATIONS

ms

(rs+Re)Is+Lstlc+ Vs_Re1 = in = Ves

~LQJ +(r 4RI +V =1 R, g

[,-CQV, =0
[+CQV, =0
RJI~L QI —RJI =0

m="S'mc e ms
L QI +RJ] —-RI =0
m"Sms  Tec emc

DS01477A-page 10
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To obtain the tank current, capacitor voltage and mag-
netizing current from the steady-state equations,
Equation 23 is formulated in the matrix form, as shown
in Equation 24.

EQUATION 24: STEADY-STATE
OPERATING POINT

XXY = Uo
_ 1
Where: Y=x xt
4R, LQ 1 0 R, O
LQ r+R, 0O 1 0 -R,
1 0 0 -CQ, 0 0
X =
0 1 ¢cQ, 0 0 0
R, 0 0 0 -R, -L,Q
0 R0 0 LQ -R
o 1]
VeS [
0 v
UO = 0 Y = N
0 Vc
0 I
0 ms
I I
L mc]

EQUATION 26: PERTURBED SIGNALS

Perturbation and Linearization of
Harmonic Balance Equations

The nonlinear system equations, Equation 12 through
Equation 14, are in the form of: x' = fix®), u();
x(t) = state of the nonlinear system and u(z) = input to
the system.

The function (x') can be linearized about an operating
point and is expressed in the form of: x’ = Ax + Bu,
where 4 and B are the Jacobian matrices of the system
with respect to x(¢) and u(?), as shown in Equation 25.

EQUATION 25: JACOBIAN MATRICES

_ S (x(0u (),
i ax(1)
/ Xo, Ug
B = df (x(0),u (1)),
ij ou (1)
/ Xo, Ug

Where:
xp and u, represent the steady-state operating

points.

In the perturbation and linearization step, it is assumed
that the averaged state variables and the input vari-
ables consist of the constant DC component and a
small signal AC variation about the DC component.
Perturbed signals are shown in Equation 26.

mn

=17
f

V. = Vl.n+vl-n, d=D+d, o, = Q +w,: vps

pe = pe e oy = pp T ipp: va: Ve X Ve o g = D Vg e = D Yime i = I+,

] = P = . = +A +A VA = VAtV
e ]c+lC’ Vs Vitvs, Ve Vc Ver Ves Vs v 0 0 "0

es’

© 2012 Microchip Technology Inc.
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The sine component of the transformer primary
voltage (v,,) is linearized around the steady-state
operating point, as shown in Equation 27.

EQUATION 27: LINEARIZATION OF SINE COMPONENT OF TRANSFORMER PRIMARY VOLTAGE
% 4n£_ 4n___P___
ps T Ve
*op i i 24 2
anv, ;
v = ! pe ps_pc 4n I .
"ps ” 8 +—X XV
Ds T ps 3 pet g —LZ - ‘f
e (1 2, 28 e
ps  pc
4nV 2 AnV
;\) = i {&_; _ ‘ ]gsjgc; 4}1{?_5;
ps T 3PS T 3 pe ] ¢
Lop Ly A
st = H[pipS+HlCsz+quf(;cf
Vps = Hyyig+ Hyio=Hyi ~Hgipe Hyofv,,
Where: 4, . )
- [ pe
Hy, - -
1
174
4nV
go= S leslhe
e — n ;3
pp
_ Anlps
vef TCIpp

DS01477A-page 12
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The cosine component of the transformer primary
voltage (v,.) is linearized around the steady-state
operating point, as shown in Equation 28.

EQUATION 28: LINEARIZATION OF COSINE COMPONENT OF TRANSFORMER PRIMARY VOLTAGE

i . 1
Voo = 4—4><-,Ei><vc = 4—n><———ﬂc———><vc
i, W 2 .2
1 +1i
ps pc
]ps2+1pc2_;
4nV 4nV {2 2
I °f Lys Ipe Tl °f Lys *1pe L e 5
c ps c c
p T 3 LY 2 2 p T 2 2 f
22 ( I, +Icz) Ips +1pc
" +1,.0) ps T ip
4nV 4nV
s ey e A e s
pc b I 3 ps T 7 3 pc w | Lf
op pp rp
Voe = Gis* Giic=Gping=Gioime* GV
Where:
4nV
G. = ¢ IQSIQC
ip T 3
L
pp
4nVC‘] 2
G, = - -;*Ls
172
4n I C
G ,= — L<
vef T Ipp

The linearization of the input voltage (v,,) is shown in
Equation 29.

EQUATION 29: LINEARIZATION OF

HALF-BRIDGE INVERTER
OUTPUT VOLTAGE

v, . In
Ves = f sm(id)

% X (V,, + Ql.n)sin(g(D +a))

v(:'S

Expanding sin(g(D + ;l))

an50) 3 + o 50) (5]

(5

- 5 \(sn(ZD) + Feos/ED) 4
Ves™ n(Vin + vin)(gn(zD) * ZCOS(ZD)d)

d

T T
2°°s(2D)

Removing the steady-state terms and other higher
order perturbed terms in Equation 29 to get the
linearized input voltage is shown in Equation 30.

LINEARIZATION OF
HALF-BRIDGE INVERTER
OUTPUT VOLTAGE

T ~ T 7
(ED) Vin Vi, COS(ED)d

EQUATION 30:

2
=sin
T

Ves = Klvin +K2d

© 2012 Microchip Technology Inc.
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The linearization and perturbation of the tank current,
capacitor voltage, transformer primary voltage, output
voltage and output filter capacitor voltage, after remov-
ing the second order and DC terms, are provided in
Equation 31 through Equation 42.

In resonant converters, the poles and zeroes are
the functions of normalized switching frequency
(g, = O/0g), where @4 is the switching frequency
and @ is the resonant frequency.

The linearization and perturbation of the sine component
of the tank voltage is provided in Equation 31.

EQUATION 31: LINEARIZATION OF SINE COMPONENT OF TANK VOLTAGE
Y - - ! . - -
) ( Sdt ) +rl+ i) + LI+ ic)[gs + wog—j FV+0) + (V49,0 = (Vo 470,

s d[

dig ~ ~ ~ A “
L— +rS1S+QSLSzC+LSOJOIC(DS,, vty o= v,

p

Substitute the values of Equation 27 and Equation 30
into the sine component of the tank voltage, as shown
in Equation 32.

EQUATION 32: LINEARIZATION OF SINE COMPONENT OF TANK VOLTAGE

di - - ~ - R R R - -
s X . ~ . . . . R

LSE trig+ QL+ L ogl 0g,+v + Hipls +H, i, _Hiplms —H; iyt qu ch = Kqv;, +Kod

di . . . . . i . -
Lsg; - (Hip Frig = (QLg+ H )i =ve+ Hiplms *Hicipe _chfVL’f"- Kqviy + Kod =L 00l 0y
dig _ Hip ) QSLS * Hic 1A Hi Hic“. ch{“ KlA K2“ stolc -
— = - i.— i, ——v_+ +—i - Ve +—v. +—d——"——0y,
dt L S L ¢ L. s ms. [ me [ f L m L L -

s s s s s s s s s

The linearization and perturbation of cosine component
of tank voltage is provided in Equation 33.

EQUATION 33:

LINEARIZATION OF COSINE COMPONENT OF TANK VOLTAGE

L d(l,+i.)

. . s - :
+r (L, +i) LI+ zS)(QS + mom—j F(V 49+ (Vpetv,) = 0

di ~ “
c . . A
(LSE + rSlC] —QSLSIS —LS(DOI Og, t Ve +v =0

s pc

Substituting the values of Equation 28 into the cosine
component of the tank voltage, the result obtained is
shown in Equation 34.

di,
sdr

L. 7L

dt

di ~ ~ ~ R ~ ~ ~
[LS—[E + rS if] _QSLSl‘S _LS(DOIS(DS” + vC + GiPiS + GiCiC =Gl
= (QSLS - Gip)is = (G +r)ic—v.+ Gipim

diC _ (QSLS B Gip)': (Gic + rs)'f 1~ + ﬂg'f + &gf Gch'* + LS(DOIS -
- L Iy— L ! Ve
s

N N N

EQUATION 34: LINEARIZATION OF COSINE COMPONENT OF TANK VOLTAGE

ip“ms

- Gicimc + Gvc/;)nf =0

st Giclmc - Gvcfvc, + LSO‘)OIS(DSn

Lye — (0]
ms LS mc LS f L sn

s

DS01477A-page 14
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The linearization and perturbation of the sine component
of the tank current is provided in Equation 35.

The linearization and perturbation of the cosine
component of the tank current is provided in

Equation 36.
EQUATION 35: LINEARIZATION OF SINE
COMPONENT OF TANK EQUATION 36: LINEARIZATION OF COSINE
CURRENT COMPONENT OF TANK
~ A CURRENT
M+C(V+G)Q+m95 = (I, +1y) d(v, +v,) ® .
S dt sshe |1t T 0 s C___c___c__C(V+‘A,)Q+m__S_' = (I +i
d{, i s dt s\s s s 00) c c
C—+C QY+ CogV,0,= i dv, . -
i 0 (¢, =5-c,00) o0V 0, = i,
R 0qV R
Dy - iiS—C‘QS&,— £ 0 ¢ dv, 1. CQ  CoyV.
dt Cs Cs ¢ Cs s —<£ = —ic.+—LV + A SO)
dt Cs Cs s Cs sn

The linearization and perturbation of the sine component
of the magnetizing current is provided in Equation 37.

EQUATION 37: LINEARIZATION OF SINE COMPONENT OF MAGNETIZING CURRENT

d(I. +i_ ) .
ms ms X & — -
Ly dt +Lm(1mc+lmc)(Qs+wOmoj B (Vps+vps)
di . .
ms . -
Lm dt +LszlWlC+LmlmchmS” - Vps

Substituting the value of Equation 27 into the sine com-
ponent of the transformer primary voltage, the results
are shown in Equation 38.

EQUATION 38: LINEARIZATION OF SINE COMPONENT OF MAGNETIZING CURRENT

di,, ¢
m dt

d;ms 1 1 1 o A -
m dr HipiS +H; i _Hipims —(Hj ¥ L, Q)0+ chfvcf_Lm]mcmO(DS”

+L Qi

L m-"s mc

L ®0®sn = HipiS tH _Hipims —Hjiipe® chf Vet

L

di,, _ Z’B}
dt Lm

Hipn Hyye (H + ngs)”. chfA Lylnc® "
+—i — -+ v —_—
s ‘et ‘ms L mc [ ef L
m m m m m
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The linearization and perturbation of the cosine
component of the tank voltage is provided in
Equation 39.

EQUATION 39: LINEARIZATION OF COSINE COMPONENT OF MAGNETIZING CURRENT

Al +i ) .

mc__‘mc ) Oy | _ -

Ly dr _Lm(lms-'-lms)(gs*-mom_oJ B (Vpc+vpc)
di,, - .

—L Q=L 1, 050, =V

Lm dt m-ms

Substituting Equation 28 into the cosine component of
the magnetizing current, the result is shown in
Equation 40.

EQUATION 40: LINEARIZATION OF COSINE COMPONENT OF MAGNETIZING CURRENT

di " B
me_p Qi =L, I 0g0s; = G, i+ Gipde=G,pims—G,

m-dt m-s ms ip‘ms ictme

diy, Q G c (GiQ_Lsz)f Gicﬁ Gvc_/" Ly Lms 0 ~
+ —z - i —1 + Vot —
d; L Ls L ¢ L ms [ ‘msc [ cf L sn
m m m m m m

Gvc/‘vcf

The linearization and perturbation of the output filter
capacitor voltage is provided in Equation 41.

EQUATION 41: LINEARIZATION OF OUTPUT CAPACITOR VOLTAGE

. d(ch+§C)
c 1 ~ N _ 2 X
(1o L3 +3,) - B, iy
dv, X
o fely 2
(“ )f gt R m'sp
From Equation 16: '

2n 2+, 2

‘sp ~ ps 'pe
_ 2n g +2n

I “
2
( T pc
+I 1 2+I 2
ps pc

=K. K.

i .+ i
is ps icpc

i =K.i +K. 1 Kz -K. i
sp isS ic is'ms ic mc

dv

r c

< Ik o le
3(1+R)Cf>< P Kl.sls+Kl i KlSlmS KiclmC (R ch
Where:

ips = ig—i,, and ipc = ic_imc

2”——# and K; = F
r

dv,
= £ f - f 1)A
r C 7 K l +K l Klslm? chlmc (R v

C_f c ¢’ s° Ch ic ¢” c_~
dt

f
dv K o Ki ro. Ki r K. r r
le— 'ms Ime Ve,
Cf Gle © Gl ™ Gre T RGI G
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The linearization and perturbation of the output voltage
is provided in Equation 42.

EQUATION 42: LINEARIZATION OF OUTPUT VOLTAGE

-2, - [rlc]( - )
Vatv :—r U +i )+ — ||V, +v,
0 "0 c\'sp  'Sp r, Cf Cf

A 2, AN
=vg = _rclsp (r—}vc
S

N 7
N . cl~
=V = r (K Ki i Kzslnﬂ Kl.clmc)+[—]v

1S S‘ 7 C
 f
~ ~ - rlc ~
= i +K.r . +| —
Yo (Kzsrcls chrz szrclms chrclmc) r ch
c

Equation 31 through Equation 42 are arranged, as
shown in Equation 43.

EQUATION 43: LINEARIZED SMALL SIGNAL MODEL OF LLC RESONANT CONVERTER

dig _ H s QLg+ Hi - 1- +ng +fi(_:f chfA +K1A 112;1 L mOI -
pril i~ L T Vs TL tms T tme T T Ve T Vin T T T T o
S N S S N S S

di (QSLS B Gip)f (Gic * rs)A 1~ Gi p Gicf GVCZ" stOIS ~

_C = — | —— ——B —_— — .
i I Ls I =T V%Y T tmsT T tme™ T Vot T O
s s s s s s s
B . CR Col
= oisT Ve~ Oy
dt CS CS ¢ CS
dVC 1+ CstA Cswo Vs ~
— = lpt——vy + wsn
dt Cs CS $ Cs
ar L ST 7T 'msT I me™ T Vef I sn
m m m m m

av, . . .
Cf_ Kzsrc chrc _Kisrc”. Klsrcf "c -

i i i i
dt Cf c § Cf c Cfrc " C/r " RC/I” i

The output equation is:

.
’
KrlKrlKrl Kr1+—-v
O is'c’s ic'c’c Tis'c'ms Tic'c'me |, |Tcf
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Formation of State-Space Model

State-space representation is a mathematical model of
a physical system as a set of input, output and state
variables, related by first order differential equations.

Additionally, if the dynamic system is linear and time
invariant, the differential and algebraic equations may
be written in matrix form.

The state-space representation (known as time domain
approach) provides a convenient and compact way to
model and analyze systems with multiple inputs and
outputs.

Equation 44 provides the state-space representation of
the LLC resonant converter.

EQUATION 44: STATE-SPACE MODEL OF LLC RESONANT CONVERTER

& = 4%+ Ba
dt
y = Cx+Du
Where:
~_ (v~ o~ A NT
x = (’s e Vs Ve 'ms 'me ch) States of the system
u= (fsn or ©g, ) Control inputs and all other disturbance inputs are ignored
y = (vg) Output
Hptrg QL) 4 Hy, H;, Hyy
L L L L L L
S S N N N S
QL - Gip) _ Gic*rs 0 _ 1 22 G_lc _ _lG"C
LS LS Ls LS Ls Ls
1 Cof
- 0 0o - 0 0 0
C C
S S
A= 0 L % 0 0 0
C C
S S
L L L L L
m m m m m
%ip Yic o o _Sptm® G Cwy
L L L L L
m m m m m
Kisr'c icr'c 0 0 _ Kisrlc _ Kicrlc r
AL e Cr'e e RG]
T
B = (_stolc) (LS(DOIS) (CSO‘)OVc) (CSwOVS) (_L Dol mc) (Lm(‘oolms) 0
L, L C, C, L, L,
.
¢= ((Kisr'c) (K;er'e) (0) (O (K ) (=K e) r_CCD
D=0
For the linearized system, the required control-to-output voltage transfer function is:
v N
0 - csi—ay LB = G, ()
Wgp
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HARDWARE DESIGN
SPECIFICATIONS

Series resonant inductor (L,) = 62 yH
Series resonant capacitance (C,) = 9.4 nF
Magnetizing inductor (L,,) = 268 pH

Input voltage (7;,) = 400V (DC)

Output filter capacitance (Cy) = 2000 uF
Output power = 200W

Switching frequency (f;) = 200 kHz

DCR of resonant inductor (r;) = 15 mQ
ESR of output capacitor (r.) = 15 mQ

Equation 44 can be solved using MATLAB® to obtain
the control-to-output (plant) transfer function,
sys =ss (A, B, C, D). The sscommand arranges
the A, B, C and D matrices in a state-space model. The
G,(s) = t£ (sys) command gives the transfer function
of the system, where sys indicates the system. The
plant transfer function (G,(s)), along with the design
values, are shown in Equation 45.

224213315399 x (5 + 3.314 x 107) x (s — 8.262 x 10°)

(52 + 973,65 + 8.949 x 10°) x (s> + 2.76 x 10°s + 1.227 x 10°2)

s J X[ s
3314x 107 \8262x 10

=

EQUATION 45: PLANT TRANSFER FUNCTION
G, (5) =
5.5895(1 +
Gy(s) =

4 __9736s

( 2
s
8.949 x 108 8.949x 10

2
8" 1} X( — 2
122710 122710

5
, 275x10%s

)

The general form of G,(s) is shown in Equation 46.

GENERALIZED FORM OF
PLANT TRANSFER
FUNCTION

G 0[1+ s jx( S
P mesr (DRHP

+ 1] x[s—z + Q—S
X
®,2 27 7p2

EQUATION 46:

:

The /p, z] = pzmap (G, (s)) command gives the poles
and zeros of the plant transfer function. Figure 7 illus-
trates the pole-zero plot for the G,(s), which is obtained
from the MATLAB command, pzmap (G, (s)). Figure 8
illustrates the bode plot obtained from the hardware
using the network analyzer. Figure 9 illustrates the
bode plot obtained using MATLAB.

As illustrated in Figure 8 and Figure 9, the bode plot
captured, using the network analyzer, matches the
analytical bode plot obtained in MATLAB, thereby,
confirming the veracity of the mathematical model.

© 2012 Microchip Technology Inc.
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Pole-Zero Map of Plant {cxcluding RHP zero and high frequency poles)

POLE-ZERO MAP OF PLANT TRANSFER FUNCTION
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FIGURE 9:

SIMULATED BODE DIAGRAM OF PLANT TRANSFER FUNCTION

Bode Diagram
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Digital Compensator Design for LLC
Resonant Converter

The plant model is derived as shown in Equation 45. In
order to attain the desired gain margin, phase margin
and crossover frequency, a digital 3P3Z compensator
is designed. The digital 3P3Z compensator is derived
using the design by emulation or digital redesign
approach.

In this method, an analog compensator is first designed
in the continuous time domain and then converted to
discrete time domain using bilinear or tustin transfor-
mation. Figure 10 illustrates the block diagram of the
LLC resonant converter with a digital compensator.

FIGURE 10: BLOCK DIAGRAM OF LLC RESONANT CONVERTER
Resonant Converter
\/REF cl —_— Y Y V" t
[n] + e[n] 3pP3z Ve[n] DPWM F(t) [
Compensator ——

A/D

Voltage Sensor

Gerc

Kap [

As seen from Equation 46, plant transfer function con-
sists of an ESR zero and a pair of dominant complex
poles. In order to compensate for the effect of ESR zero
(increased high-frequency gain, and thereby,
increased ripple), a pole («w,) is included in the compen-
sator. In order to minimize the steady-state error, an
integrator (K, is also added to the compensator.

Furthermore, in order to compensate for the effect of
the complex dominant poles (reduction in system
damping, and hence, increased overshoots and set-
tling time), two zeros, (s+a+jb) and (s+a-jb), are added.
Also, to achieve sufficient attenuation at switching
frequency, a pole is added to the compensator at half
the switching frequency.

© 2012 Microchip Technology Inc.
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Effectively, the system will have a 3-Pole 2-Zero (3P22)
compensator in continuous domain, as shown in
Equation 47.

EQUATION 47: COMPENSATOR G¢(s) IN
CONTINUOUS TIME DOMAIN

K /02 % (s + 04 jB) X (s + 0. —jB)
Sx[i+lJ X[L+1J
(0] ()
p pe

One of the digital compensator poles (w, = 2af,) is
placed at f,, to cancel the ESR zero due to output filter
capacitor ESR (f,,, = w,,/27). The compensator sec-
ond pole (w,,) is placed at half the switching frequency
(fs) to obtain sufficient attenuation at the switching
frequency. Therefore, ,,. = 2fs/2.

G (s) =

K. represents the integral gain of the compensator and
is adjusted to achieve the desired crossover frequency
of the system.

A pair of complex zeros of the compensator, on the
complex s-plane, is at s; =—a+ jf and s, = —a—jf. The
compensator zero frequency magnitude (w,) is 2xfz.
The frequency (f;) is chosen slightly below or equal to
the corner frequency of the dominant resonant
poles (wp1) to provide the necessary phase lead. The
compensator quality factor (Q,) is chosen to be compa-
rable or equal to the Q4 of the dominant complex pole
pair, of the plant transfer function, at the maximum load
current. In this analysis, the computation delay is
assumed to be unity.

If the desired crossover frequency is denoted as (fc),
then o, = j2xfc.

At crossover frequency, the loop gain of the system
should be 0 dB or one on linear scale, as shown in
Equation 48.

EQUATION 48: COMPENSATOR GAIN
CALCULATION
Gp(s)‘ X Gc(s)‘ =1
s=0, s=w,
The required gain of the compensator is:
_ 1 1
K, = G,0] XGC(S)‘
s=m S=O

The compensator first pole (w)) is placed at 37k radi-
ans/second, the second pole is placed at 100k radians/
second and the complex pair of zeros is placed at 30k
radians/second. The resulting compensator for a
crossover frequency of 2000 Hz is shown in
Equation 49.

EQUATION 49: COMPENSATOR TRANSFER
FUNCTION

_371249.6041 x (52 + 973.6s5 + 8.949 x 108)

c 4 6
sx(s+3314x107) x (s + 1.03x 10°)
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The [p, z] = pzmap (G.(s)) command gives the poles
and zeros of the compensator. Figure 11 through
Figure 13 illustrate the pole-zero plot for a G, practical

FIGURE 11:

bode plot (loop gain) obtained using the network
analyzer, and the bode plot (loop gain) obtained using
MATLAB.

POLE-ZERO MAP OF COMPENSATOR

x10°

Pole-Zero Map of Compensator
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SIMULATION BODE DIAGRAM OF LOOP GAIN
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FIGURE 13: MEASURED LOOP GAIN
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The discrete compensator transfer function (G, ;) is EQUATION 50: COMPENSATOR TRANSFER

obtained using the tustin or bilinear transformation with
a sampling frequency of 50 kHz, as shown in

FUNCTION IN DISCRETE
DOMAIN

Equation 50.

Gcﬁd =

0.2711 x 23 —0.178 x 22 —0.1828 x z + 0.2663

23 —0.6791 x 22 —0.7342 x z + 0.4133
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CONCLUSION

Pulse Frequency Modulated LLC resonant converter
plant transfer function is derived by employing the EDF.
A digital compensator is designed to meet the specifi-
cations of phase margin, gain margin and bandwidth
for the control system. The hardware results or wave-
forms are in conformity to the developed analytical
model and also meet the target specifications.
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LIST OF PARAMETERS

TABLE 1: LIST OF PARAMETERS AND
DESCRIPTION
Parameter Description
I Resonant tank current
V¢ Resonant tank capacitor voltage
Im Magnetizing current
' Output capacitor voltage
Vet Reflected output capacitor voltage
on primary side
|Sp Transformer secondary current
lis Sine component of resonant tank
current
L, Cosine component of resonant tank
current
Vs Sine component of resonant tank
capacitor voltage
Ve Cosine component of resonant tank
capacitor voltage
Ly Sine component of magnetizing
current
Ly Cosine component of magnetizing
current
I Sine component of transformer
secondary current
I, Cosine component of transformer
secondary current
Vo Sine component of half-bridge
inverter output voltage
Voe Cosine component of half-bridge
inverter output voltage
Ly Sine component of transformer
primary current
L, Cosine component of transformer
primary current
L, Total primary current of transformer
Vs Sine component of transformer
primary voltage
v, Cosine component of transformer

primary voltage

Transformer turns ratio
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NOTES:
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